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1. INTRODUCTION 
Let E be a real Banach space with norm 1.1, A c E x E an accretive 
operator that satisfies the range condition, .Z, the resolvent of A, and S the 
nonlinear semigroup generated by -A. Recently, Reich [S] obtained 
interesting results on the weak and strong convergence of .Z, x/t and 
S(t) x/t as t + cc by assuming that E is reflexive and strictly convex. 
In this paper, we deal with his results without the assumption of strict 
convexity of E. That is, instead of the weak limits of J,x/t and S(t) x/t, we 
deal with the mean points of J,x/t and S(t) x/t concerning an invariant 
mean on (0. co). Consequently, we obtain slightly new results in the case of 
which E is reflexive and strictly convex. Secondly, we obtain necessary and 
sufficient conditions for a nonlinear semigroup S to be bounded in a 
reflexive Banach space. This is a generalization of Reich’s result [4]. We 
also prove related theorems for nonexpansive mappings in a reflexive 
Banach space. 
2. PRELIMINARIES 
Let E be a real Banach space, and let Z denote the identity operator. 
Then an operator A c E x E with domain D(A) and range R(A) is said to 
be accretive if Ix1 -x2( d Ix, -.~*+r(y, -yz)l for all Y~EAx,, i= 1,2, and 
r > 0. If A is accretive, we can define, for each positive r, the resolvent J,: 
R(Z+ rA) -+ D(A) by J, = (I+ rA)-’ and the Yosida approximation 
A,: R(Z+ rA) -+ R(A) by A,= (I- J,)/r. We know that A,XE AJ,x for 
every x E R(Z+ rA) and IA,xl < llAxl\ for every x E D(A) n R(Z+ rA), where 
IJAxlJ = inf{ J yl: y E Ax}. We denote the closure of a subset D of E by cl(D) 
and its closed convex hull by WD. We shall say that A satisfies the range 
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condition if R(Z+ rA)xcl(D(A)) for all r > 0. In this case, -A generates a 
nonexpansive nonlinear semigroup S: [0, co) x cl(D(A)) --) cl@(A)) by 
S(t)x=lim,,,(Z+(t/n)A)-” x. We can also prove that A -‘O = F(.Z,) for 
each r > 0, where F(J,) is the set of fixed points of J,; see [ 11. 
Let S be a set and let m(S) be the Banach space of all bounded real 
valued functions on S with the supremum norm. An element ,U E m(S)* (the 
dual space of m(S)) is called a mean on S if 1~1 = p( 1) = 1. Let p be a mean 
on S and ftz m(S). Then we denote by ,u( f ) the vaue of p at the function f: 
According to the time and circumstance, we write by ,~,(f(t)) the value 
P( f ). We know that P E m(S)* is a mean on S if and only if 
inf(f(s):sES}<p(f)<sup{f(s):sESj 
for every fe m(S). Let S be an abstract semigroup. Then, for each s E S and 
f~ m(S), we can define elements f, and f” in m(S) given by f,(t) =f(st) and 
f”(t) =f(ts) for all t E S. A mean p on S is called left (right) invariant if 
~(f,)=~(f)(~~(fS)=~(f))forallf~m(S)ands~S.Aninvariantmeanis 
a left and right invariant mean. A semigroup which has a left (right) 
invariant mean is called left (right) amenable. A semigroup which has an 
invariant mean is called amenable. Day [2] proved that a commutative 
semigroup is amenable. 
Let E be a reflexive Banach space and let S be a set. Suppose that 
{x,: s E S} is a bounded subset of elements of E. Then, for a mean p on S, 
we can obtain an element x,, in E such that 
P,(X,, x* > = (x0, x* > 
for all x* E E*. In fact, the function pL,(x,, x*) is linear in x*. Further, 
since 
I&(X,, x*>l 6 sup, Ix,1 (x*1, 
( 1 
the function pL,(x,, x*) is also bounded in x*. So, we have .x$* E E** such 
that ~~(x,, x*) = (xX*, x*) for every x* E X*. Since E is reflexive, we 
obtain x0 E E such that ,u~(x,, x*) = (x,, x*) for all x* E E*. This point 
x0 is called a mean point of x, concerning ,u. Let S be a right amenable 
semigroup and p be a right invariant mean on S. Suppose that {x,: t E S} is 
a bounded subset of elements of E. Then, the mean point x0 E E of x, con- 
cerning p is contained in nssS i%J{ x,: t E S}. In fact, if not, there exists 
SE S such that x,,$CG{xrs: t E S}. By separation theorem, we obtain an 
element x* E E* such that 
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Pt<*~,, x* > = (x0, x* > 
<inf((.x,,,x*):tES} 
<pt{(xI,,, x*>: fE:S) 
= A(XI, x* >. 
This is a contradiction. 
3. ASYMPTOTIC BEHAVIOR 
In this section, we study the mean points of J,x/t and s(t) x/t concerning 
an invariant mean on (0, co ). Let E be a Banach space and let A c E x E be 
an accretive operator that satisfies the range condition. Then we know that 
for each x E cl(D(A)), IA, XI is monotone nonincreasing in t and further by 
[4, Lemma 2.11 
lim (,4,x1 = lim (J,x/t( = d(0, R(A)), 
f+% I * ‘x 
where d(0, R(A)) = inf{ 1~1: y E R(A)}. 
THEOREM 1. Let E be a reflexive Banach space, A c E x E an accretive 
operator that satisfies the range condition, A, the Yosida approximation of 
A, and d=d(O,R(A)). Then, d=d(O,E{A,x}) for every x~cl(D(A)) and 
there exists an element x0 with (x01 = d such that x,EW{A,X} for every 
x E cl@(A)). 
Proof Let x~cl(D(A)). Then, since lA,xl is monotone nonincreasing 
in t, we may assume that {A(x) is bounded. So, it follows from reflexivity 
of E that there exists x,~W{A,xj such that ~~(.4~x, x*) = (x,, x*) for 
every x* E E*, where p is an invariant mean on (0, co). For j,~ J(x,), 
where J is the duality mapping of E, we have 
l-d2 = C-Q&) =~t<A,x,h) 
< p,(IA,xl). lhl = d. lid = d. 1-d. 
Hence, lx01 Gd. On the other hand, we know that (A,x, j,) > IA,xI’ for all 
j,EJ(A,x) and t, SE(O, co) with t>s>O; see [S]. Let SES and let a sub- 
net {L,> of {j, > converge to Jo E*. Then we obtain 
(A,x, j> >d2 for every s C S. (1) 
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Hence we have (x0, j) 2 d*. Since 
we have d* > lx01 ljl B (x,,j) B d*, and hence lx01 = lj( = d. From (l), we 
also obtain (z, j) > d* for every z E W{ A Ix} and hence 
IzI .d= IzI . ljl 3 (z, j) > d*. 
So, we have IzI > d and hence d= d(0, i~{A,x}). Let y~cl(D(A)) and y, 




<pt ; 1.x-yl . lj( =o ( ) 
and hence x,, = y,. This completes the proof. 
By using Theorem 1, we can prove the following: 
THEOREM 2 (Reich). Let E be a reflexive and strictly convex Banach 
space, A c E x E an accretive operator that satisfies the range condition, J, 
the resolvent of A, and d = d(0, R(A)). Then the weak lim J,x/t exists and is 
independent of XE cl(D(A)). 
ProoJ: Let x~cl(D(A)). Then, since a reflexive Banach space E is 
strictly convex, the set {z E W{ A,x}: IzJ = d} consists of exactly one point. 
This point equals x,, in Theorem 1. Let {A,rx} be a subnet of {A,x} such 
that A,x converges weakly to x*. Then, since 
Ix*1 <l& IA,Oxl = lim lA,xl =d, 
Lx 1-m 
we have x* =x,,. This implies that A,x converges weakly to x0. Therefore, 
J,x/t converges weakly to x0. From Theorem 1, it is obvious that this limit 
is independent of x E cl(D(A)). 
Theorem 2 asserts that the weak limit J,x/t is independent of 
x E cl(D(A)). Compare this with Theorem 2.2 in [S]. 
THEOREM 3. Let E be a reflexive Banach space, A c E x E an accretive 
operator that satisfies the range condition, S the semigroup generated by 
-A, and d=d(O, R(A)). Then, d=d(O,W{(x-S(t)x)/t}) for every 
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.y~cl(D(A)) and there exists un element x0 rcith Ix01 = d such that 
.K,~CG{(.Y-S(~)X)/~~ for every sfzcl(D(A)). 
Proof Let .v~cl(D(A)). Then since lim,, ~ I(.Y-s(t) .x)/t1 =d by [S, 
Prop. 3.11, we may assume that i (x - S(t) ~)/t ) is bounded. So, it follows 
from reflexivity of E that there exists so ECO{ (X - s(t) .x)/t) such that 
pL,((x - S(t) x)/t, x*) = (x,,, .K*) for every .Y* E E*, where 1 is an 
invariant mean on (0, D.Z ). For j, E J(x,), we have 
~/.dl(~--S(t)~~Wl). IA, =d. IA, =d. lxol. 
Hence, 1x0/ 6 d. On the other hand, we know from [S] that for each 
x~cl(D(A)), there is a functional Jo E* with ljl = d such that 
((x-s(t) x)/t,j) ad’. So, we have (x,,j) > d2 and hence lx01 2 d. 
Therefore lx01 = d. Since ((x-s(t) x)/t,j) > d’ for every t E S, we also 
have IzI >d for every ;EEG’((.Y-$t)x)/t). Then we obtain d=d(O, 
E((x - S(t) x)/t} ). Since S(t) is nonexpansive, we have .yO E W{ (x - 
S(t) x)/t 1 for every x~cl(D(A)) as in the proof of Theorem 1. 
THEOREM 4 (Reich). Let E he a rejlexive and strictly convex Banach 
space, A c E x E an accretive operator that satisfies the range condition, S 
the semigroup generated by -A, and d = d(0, R(A)). Then the weak lim, _ ~ 
.S(t) x/t exists and is independent O~.YE cl(D(A)). 
Proof: By using [S, Prop. 3.11, we prove Theorem 4 as in the proof of 
Theorem 2. 
By the same method, we study the asymptotic behavior of nonexpansive 
mappings in a reflexive Banach space. 
THEOREM 5. Let C be a closed subset of a reflexive Banach space E and 
T: C -+ C a nonexpansive mapping. Assume that A = I - T satisfies the range 
condition and let d=d(O, R(A)). Then, d=d(O, W{ (x- Tnx)/n}) for every 
XE cl(I)(A)) and there exists an element x0 with lx01 = d such that x0 E 
W{ (x - T”x)/n} for every x E cl(D(A)). 
Prooj Let XE C. Then by [4, Prop. 4.3 and Remark], we know 
lim, .+ m I (x - T”x)/nI = d. So, for a Banach limit p, there exists x,, E E such 
that 
p,((x - Tx)ln, x* > = (x0, x* > 
for every x* E E* and x,~W{(x- T”x)/n}. For this point x,,, we have 
lx01 < d. Further from [S] we know that for each x E C there is a functional 
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Jo E* with ljl = d such that ((x - T”x)/n,j) > d2 for all n > 1. So, we have 
(.x0,j)>d2 and h ence 1x0( 3 d. Therefore lx01 = d. Since ((x - T”x)/n, 
j) 2 d2 for every n B 1, we also prove IzI b d for every z ENS{ (x - Yx)/n}. 
Then we obtain d= d(0, ES{ (x - T”x)/n}. Since T is nonexpansive, we have 
x0 E W{ (x - px)/n } for every x E C as in the proof of Theorem 1. 
THEOREM 6 (Reich). Let E be a reflexive and strictly convex Banach 
space, and C a closed subset of E. Assume that T is a nonexpansive mapping 
of C into itself such that I- T satisfies the range condition and 
d= d(0, R(A)). Then the weak lim, _ ~ T”x/n exists and is independent of 
x E c. 
Proof: By using [4, Prop. 4.3 and Remark], we prove Theorem 6 as in 
the proof of Theorem 2. 
Remark. In Theorem 1, we state that d= d(0, ns,.,w{J,x/t: t as}) for 
every x E cl(D(A)) and there exists x0 E E with I?c,,I = d such that x0 E OS,, 
W(J,x/t: t z s} for every x E cl(D(A)). Theorems 3 and 5 are also the same. 
If [Ji,x/t,} is a subnet of {JIx/t} such that J,Ux/t, converges weakly to x*, 
then it follows that x* E r)s,OZY{Jrx/t: t as}. So, if the set 
i 
ZE (-) E{J,x/t: r>s}: /zI =d 
s>o I 
consists of exactly one point, then the weak lim, _ X J,x/t exists. 
4. ADDITIONAL RESULTS 
In this section, we present necessary and sufficient conditions for a non- 
linear semigroup to be bounded. 
THEOREM 7. Let E be a reflexive Banach space, A c E x E an accretive 
operator that satisfies the range condition, S the semigroup generated by 
-A. If cl(D(A)) is convex, the following are equivalent: 
(a) (S(t)x} is boundedfor some x~cl(D(A)); 
(b) there exist (x,, y,) E A such that {x,} is bounded and yn -+ 0; 
(c) there exists a nonempty bounded closed convex subset of cl(D(A)) 
which is invariant under J, for each r > 0; 
(d) {J,x] is boundedfor some x~cl(D(A)); 
(e) there exists a nonempty bounded closed convex subset of cl(D(A)) 
which is invariant under S(t) for each t > 0. 
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Proof. (a) * (b). Since I,,S(t)x> is bounded for some x~cl(D(A)), 
{WY) . 1 b IS a so ounded for every y E cl(I)(A)). Let x E D(A). Then, from 
[4, 51 we obtain 
lim (A,x( = lim (J,x/tl = lim Is(t) x/t\ =O. 
I + ,% I-X I-m 
So, there exists a positive number A4 such that 1(x-J,x)/n] <A4 for every 
n 2 1. Since {s(t) x} is bounded, we also obtain K > 0 such that 
(x - S(r) x( Q K for all r 3 0. From [3], we know that 





Since {S(n) x) is bounded, we also obtain that {Jnx} is bounded. Putting 
x, = J,x and y, = A, x, it follows that (x,, y,) E A and {xn} is bounded 
and y, + 0. 
(b) + (c). Let p be a Banach limit and define a real valued function g 
on E by g(x) = p,Jx,, - XI for every x E E. Then g is convex and continuous 
on E. Hence, since g(x) -+ co as 1x1 + co, we have that the set 
M= {xEcl(D(A)): g(x) =min{g(y): y~cl(D(A))} 
is nonempty, bounded, closed and convex. Let x E M and r > 0. Then, since 
Ix, - JA G rll~.d G 4y,l -+ 0, 
we have 
g(J,x) = ,4x, - Jr.4 
G PL,( lx, - Jr.4 + I Jrx, - Jr4 1 
= pL,IJ,x, - Jr-u1 <&IX, -XI =g(x). 
So, M is invariant under J,. 
(c) =+ (d) is obvious. 
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(d) +- (c). Let p be an invariant mean on (0, co) and define a real 
valued function g on E by g(y) =pJJ,x-yJ for every YE E. Then the set 
M= {z~cl(D(A)): g(z)=min{g(y):yEcl(D(A))}} 
is nonempty, bounded, closed and convex. Let x E A4 and r > 0. Then since 
IJ,J,x -J,x( 6 rlAJ,xl <r lA,xl 
=rI(x-J,x)/tl -0 
as t + cc, we have g(J,x) <g(x) and hence J,XE A4. Therefore A4 is 
invariant under J, for r > 0. 
(c)*(e). Let M be a nonempty closed convex subset of cl@(A)) 
which is invariant under J, for every r >O. Then by the exponential for- 
mula: S(t) x = lim, _ a(J,,,)” x, A4 is also invariant under S(t) for each 
t > 0. 
(e) + (a) is obvious. 
THEOREM 8. Under the same assumption in Theorem 7, 
(i) O$cl(R(A)) if and only if lim,,,lS(t)x/tl is positive for each 
x E cl(D(A)). Consequently, 0 E cl(R(A)) zf and only zf lim, _ o3 S(t) x/t = 0 
for each x E cl(D(A)). 
(ii) S(t) x/t -+ 0, but {S(t) x/t} is unbounded tf and only tf A,x -+ 0 
and {J(x) is unboundedfor each XE cl(D(A)). 
Proof (i) Since, for each x~cl(D(A)), 
lim IS(t) x/t1 = lim IJ,x/tl = d(0, R(A)), 
tarn r-rm 
0 $ cl(R(A)) if and only if lim, _ co IS(t) x/t1 is positive. 
(ii) It is obvious that S(t) x/t + 0 if and only if J,x/t -+ 0. Further by 
using Theorem 7, { J1x} is unbounded if and only if {S(t) x} is unbounded 
for each x E cl(D(A)). 
COROLLARY 1 (Reich). Let E be a untformly convex Banach space, 
A c E x E an accretive operator that satisfies the range condition, and S the 
semigroup generated by -A. If cl(D(A)) is convex, then 
(i) 0 E R(A) if and only if S is bounded; 
(ii) 0 $ cl(R(A)) if and only if lim,, m IS(t) x/t/ is positive for each 
x E cl(D(A)); 
(iii) Ogcl(R(A)), but O$ R(A) if and onZy if S is unbounded and 
S(t) x/t -+ 0 for each x E cl(D(A)). 
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Proof (i) OER(A) implies A-~‘O=n,,,F(s(t))#M. Hence S is 
bounded. Conversely, if S is bounded, by Theorem 7, there exists a non- 
empty bounded closed convex subset of cl(D(A)) which is invariant under 
J, for all r > 0. Hence, we have A - ‘0 = F(J,) # @ for all r > 0. 
(ii) is obvious from Theorem 8. 
(iii) is obvious from (i) in Corollary 1 and (iii) in Theorem 8. 
We can also prove the following theorem for nonexpansive mappings. 
THEOREM 9. Let C be a closed convex subset of a reflexive Banach space 
E and let T be a nonexpansive mapping of C into itself Then the following 
are equivalent : 
(a) ( TX} is bounded for some x E C; 
(b) there exists a nonempty bounded closed convex subset of C which 
is invariant under T; 
(c) there exists a bounded sequence {x,> in C such that 
(I-T)x,+O. 
Proof: (a)*(b). Let /J be a Banach limit and let 
Then M is nonempty, bounded, closed and convex. Since, for each z E M, 
pnIT’k- Tzl =u,IT”+‘x- Tzl <u,JT”x-=I, 
we have Tz E M. So, M is also invariant under T. 
(b) 3 (c). Let A4 be a nonempty bounded closed convex subset of C 
such that TM c M and, for fixed x0 E M and every n, define a mapping T,, 
of M into M by 
T,x=(l/n)x,+(l-l/n)Tx 
for every x E M. Then, since T, is a contraction, we have a fixed point x, of 
M. Since M is bounded, we have that {x,) is bounded and 
Ix, - TX,\ = l/nix, - Tx,J -+ 0 
asn+co. 
(c) * (a). Since {x,) is bounded, we can define a real valued 
function g on E by g(x) = ~~lx, - XI for all x E E, where ,U is a Banach limit. 
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Putting M= (z E C: g(z) = min{g(y): y E C}}, it follows that A4 is a non- 
empty bounded closed convex subset of C. Since, for each z E I%& 
,4x, - Tzl < A,( lx, - TX,/ + I TX, - Tzl ) 
=~,zI~x,- W <~,h,-4, 
we also obtain Tz E M. This implies that A4 is invariant under T. Therefore, 
{ 7”‘~) is bounded for each x E M. 
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